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MODELING OF SURFACES BASED ON QUASICONFORMAL 

PARAMETER CHANGE 

Ausheva N., Gurin A. 

The paper elucidates the method of construction of surfaces based 

on isotropic curves and quasiconformal parameter change. Coefficients 

of basic quadratic forms were calculated and the surfaces were proved 

minimal. Some examples of the surfaces having been constructed are 

submitted. 
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quadratic forms of the surface. 

 

Formulation of the problem. Professor Weierstrass proposed to 

construct a minimal surface using an isotropic curve, which is based on the 

analytic function [1]. In this case, instead of the parameter t, the complex 

variable was substituted for the isotropic curve viut  . When selecting 

the real part, an equation of minimal surface was obtained. It is advisable to 

investigate the surfaces obtained by other methods of replacing the 

parameter in the isotropic curve equation.    

Analysis of recent research and publications. In the dissertation 

studies [2] it is proposed to model minimal and attached minimal surfaces 

by means of an isotropic curve whose equation is determined on the basis 

of a plane parametric curve. The author of the paper [3] considers the 

construction of screw minimal surfaces and proposes ways of finding 

isotropic spatial curves. A number of papers [4, 5] offers an analytical 

description of the minimal surfaces constructed on the basis of isotropic 

curves lying on different surfaces and referred to isometric grids. In the 

paper [6] a method for constructing planar orthogonal and isothermal 

coordinate grids is proposed on the basis of isotropic Bezier curves of the 

third order. The author of the paper [7] explores the method of constructing 

surfaces and grids based on an isotropic parametric Lagrange polynomial.  

Formulating the goals of the article. Construct surfaces based on 

the quasiconformal replacement of the parameter in the equation of the 

isotropic curve and calculate the coefficients of the basic quadratic forms.  

Main part. To model the surface, we apply the Weierstrass method 

[1], that is, we will construct the surface based on the guide of the isotropic 

curve, but instead of the conformal replacement of the parameter viut   

we will use a quasi-conformal replacement: t=ku+iv or t=u+ikv. The 

surface equation will be obtained based on the selection of a real or 

imaginary part of the expression obtained: 
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where ),(txx   ),(tyy    )(tzz   - spatial parametric isotropic curve. 

Take as a guide curve - the Bezier curve in the form of: 
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where   .jj yxjr  

Let us consider a partial case, namely, we substitute the equation (2) 

3n , that is, as a guide we will apply the cubic isotropic Bezier curve. 

Perform a replacement t=u+ikv  and we separate the real part, we get: 
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(3) 

When we replace t = ku + iv we will have: 
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Let the directionless isotropic Bezier curve is created based on the 

analytic function: 
3223 )1(3)1(3)1()( ttttttt
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Let's substitute the values of the reference points (5) in equations (3) 

and (4). Calculate the coefficients of the first and second quadratic forms. 

For t = u + ikv, the coefficients of the first quadratic form: 
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.0F  

The analysis of expressions (6) shows that GE   GEk 2 . 

Calculate the coefficients of the second quadratic form: 
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Analyzing expressions (7), we obtain the following relations: 

NLk 2 , 
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a

Lka
M  . Find the average curvature of the surface. To do 

this, we will analyze the expression of the numerator: 
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(8) 

On the basis of expression (8) we will have H = 0, that is, the surface 

will be minimal. 

If we carry out similar studies with a quasiconformal substitution t = 

ku + iv, then we obtain a zero value of the mean curvature, that is, the 

surface will be minimal. 

Here are some examples of surfaces with a quasiconformal 

substitution based on different curve directional problems. Fig. 1 shows 

two surfaces with different coefficients k for replacing t = u + ikv: k = -1.5 

and k = 0.5. In fig. 2, a minimal surface with a coefficient k = 4 is 

constructed based on the fractionally rational isotropic curve. 
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Fig.1 Minimal surfaces based on 

analytic function and quasi-

conformal replacement 

 
 

Fig.2 Minimum surface based on a 

fractional-rational curve and a quasi-

conformal replacement 

 

Conclusions. As a result of the performed research, it was proposed 

to construct a surface based on the quasiconformal replacement of the 

parameter in the isotropic curve equation. Using the coefficients of the 

basic quadratic forms, it was proved that the surface would be minimal. 

Subsequent studies are related to the application of parameters in the form 

of functions of a complex variable. 
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МОДЕЛИРОВАНИЕ ПОВЕРХНОСТЕЙ НА ОСНОВЕ  

КВАЗИКОНФОРМНОЙ ЗАМЕНЫ ПАРАМЕТРА 

Аушева Н.Н., Гурин А.Л.  

В работе рассматривается способ построения поверхностей 

на основе изотропных кривых и квазиконформной замены 

параметра. Рассчитаны коэффициенты основных квадратичных 

форм и доказано, что поверхности будут минимальными. 

Приведены примеры смоделированных поверхностей. 

Ключевые слова: изотропная кривая, минимальная 

поверхность, коэффициенты основных квадратичных форм 

поверхности. 

 

МОДЕЛЮВАННЯ ПОВЕРХОНЬ НА ОСНОВІ 

КВАЗІКОНФОРМНОЇ ЗАМІНИ ПАРАМЕТРА  
 

Аушева Н. М., Гурін А. Л. 
 

Робота висвітлює спосіб побудови поверхонь на основі 

ізотропних кривих та квазіконформної заміни параметра. 

Розраховано коефіцієнти основних квадратичних форм та 

доведено, що поверхні будуть мінімальними. Наведено приклади 

поверхонь, що було побудовано.  

Ключові слова: ізотропна крива, мінімальна поверхня, 

коефіцієнти основних квадратичних форм поверхні.  


