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MODELING OF SURFACES BASED ON QUASICONFORMAL
PARAMETER CHANGE

Ausheva N., Gurin A.

The paper elucidates the method of construction of surfaces based
on isotropic curves and quasiconformal parameter change. Coefficients
of basic quadratic forms were calculated and the surfaces were proved
minimal. Some examples of the surfaces having been constructed are
submitted.

Key words: isotropic curve, minimal surface, coefficients of basic
quadratic forms of the surface.

Formulation of the problem. Professor Weierstrass proposed to
construct a minimal surface using an isotropic curve, which is based on the
analytic function [1]. In this case, instead of the parameter t, the complex
variable was substituted for the isotropic curve t=u+vi. When selecting
the real part, an equation of minimal surface was obtained. It is advisable to
investigate the surfaces obtained by other methods of replacing the
parameter in the isotropic curve equation.

Analysis of recent research and publications. In the dissertation
studies [2] it is proposed to model minimal and attached minimal surfaces
by means of an isotropic curve whose equation is determined on the basis
of a plane parametric curve. The author of the paper [3] considers the
construction of screw minimal surfaces and proposes ways of finding
isotropic spatial curves. A number of papers [4, 5] offers an analytical
description of the minimal surfaces constructed on the basis of isotropic
curves lying on different surfaces and referred to isometric grids. In the
paper [6] a method for constructing planar orthogonal and isothermal
coordinate grids is proposed on the basis of isotropic Bezier curves of the
third order. The author of the paper [7] explores the method of constructing
surfaces and grids based on an isotropic parametric Lagrange polynomial.

Formulating the goals of the article. Construct surfaces based on
the quasiconformal replacement of the parameter in the equation of the
Isotropic curve and calculate the coefficients of the basic quadratic forms.

Main part. To model the surface, we apply the Weierstrass method
[1], that is, we will construct the surface based on the guide of the isotropic
curve, but instead of the conformal replacement of the parameter t =u+vi
we will use a quasi-conformal replacement: t=ku+iv or t=u+ikv. The
surface equation will be obtained based on the selection of a real or
imaginary part of the expression obtained:
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Xge (U, V) = Re(X(1)), Yre (U,V) =Re(y(t)), Zge(u,v) =Re(z(t));
Xjm (U, V) = IM(X(D), Yy (U, V) = IM(Y (D)), Zjy (U, V) = I(2(t)), (D)
where x=x(t), y=y(), z=z(t) - spatial parametric isotropic curve.
Take as a guide curve - the Bezier curve in the form of:
r(t) = zr Jo @), 2e p @) —,(—i), va-0"l
where r; =|x; yJJ

j
Let us consider a partial case, namely, we substitute the equation (2)

n=3, that is, as a guide we will apply the cubic isotropic Bezier curve.
Perform a replacement t=u+ikv and we separate the real part, we get:

r..(U,v) =r,, (1-3u+3u®-3vk’—u’+3uv’k®) —r,, (—3vk +6uvk —
—3u’vk +v°k®) — (=3r,,, (L—2u +u® —v?k?) + 3r,,_ (—2vk + 2uvk))u + 3)
+(-3r,, (1-2u +u?® —v’k?) — 3r . (—2vk + 2uvk))vk — (-3r,.. (1 —u) —

3r,,, VK)(u? —=v?k®) + 2(-3r,,, (L—u) + 3r,, VK)uvk + r,,, (u° —
—3uv’k?) —r,,(3u’vk —vk®).

When we replace t = ku + iv we will have:
re.(U,v) =r,.. (1—3uk +3u’k® —3v? —u’k® + 3uv’k) —r,, (—3v + 6uvk —

—3u’vk? + V) = (-3, (1— 2uk +uk? —v?) +3r,, , (—2v + 2uvk))uk + 4)
+(=3r,,, (1—2uk + u*k® —v*) = 3r,,, (—2v + 2uvk))v — (=3r,,, (L — uk) —
3r,,,V)(U’k? —=v?) + 2(=3r,,, (1 —uk) + 3r,, V)uvk + r,. (u’k® -

—3uv’k) —r,, (3u’vk® —V?).
Let the directionless isotropic Bezier curve is created based on the

analytic function:
r¢))=r,1-t)° +3r,1-t)*t +3r,Q—-t)t* + r,t°, %)
where r[(a, —a,)i a,+a, -—ail,
rl(a,-a,—a)i a +a +a, -—ail,
rz[(a0 a,—2a)i a,+a,+2a (a,—ali
I [(ao —-a,— 28.3 )I Q+4a,+ 48.3 (38'3 - al)l]
Let's substitute the values of the reference points (5) in equations (3)

and (4). Calculate the coefficients of the first and second quadratic forms.
For t = u + ikv, the coefficients of the first quadratic form:

E =9a25.[2uv2k? +v*k* + 2v2k? +1+2u? +u*]+9aZ,  [vik? +
+2v2k? +2v2k2u? +1+2u? +u?], ()
G =9a25.[u?k? +2u%v2k* +2u%k? + v k® + 2v2k* + k%] +

+9a3,,[2u?vZk* +vk® +2v3k* +utk? + 2u%k? + k2],
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The analysis of expressions (6) shows that E#xG= k’E=G.
Calculate the coefficients of the second quadratic form:

6a3|mk(a§Re[2u2v2k2+v4k4+2v2k2+1+2u2+u4]+
(@31 +adee)? (VK2 +1+u7)*K?
asm[vk?® +2v2k? + 2v2k?u? +1+2u? +u*])
J@2 +82re )2 (vV2k2 +1+u2) k>
_ Bagrek” (a5ge [2u*v k? + vk * +2v7K? +1+2u2+u4]Jr (7)
V(@2 +a2re) 2(v2K? +1+U%)*K?
+a32,m[v4k4+2v2k2+2v2k2u2+1+2u2+u4])
J@2 + 82k )2 (VK2 +1+u)*K?
_6a3lmk3(a§Re[2U2V2k2+V4k4+2V2k2+1+2U2+U4]+
V(@3 +aZre ) (v2k2 + 1+ u%) K
+a32,m[v4k4+2v2k2+2v2k2u2+1+2u2+u4])-
V@31 +8Zre )2 (vVPKZ +1+U2)*K?
Analyzing expressions (7), we obtain the following relations:

L=

M

N =

AzpeLk .
k?’L=—N, M =Z8R¢=2 Find the average curvature of the surface. To do
aA31m
this, we will analyze the expression of the numerator:
N 8
LG:—k—ZEkZ:—NE, MF=M.0=0. ®)

On the basis of expression (8) we will have H = 0, that is, the surface
will be minimal.

If we carry out similar studies with a quasiconformal substitution t =
ku + iv, then we obtain a zero value of the mean curvature, that is, the
surface will be minimal.

Here are some examples of surfaces with a quasiconformal
substitution based on different curve directional problems. Fig. 1 shows
two surfaces with different coefficients k for replacing t = u + ikv: k = -1.5
and k = 0.5. In fig. 2, a minimal surface with a coefficient k = 4 is
constructed based on the fractionally rational isotropic curve.
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Fig.1 Minimal surfaces based on Fig.2 Minimum surface based on a
analytic function and quasi- fractional-rational curve and a quasi-
conformal replacement conformal replacement

Conclusions. As a result of the performed research, it was proposed
to construct a surface based on the quasiconformal replacement of the
parameter in the isotropic curve equation. Using the coefficients of the
basic quadratic forms, it was proved that the surface would be minimal.
Subsequent studies are related to the application of parameters in the form
of functions of a complex variable.
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MOJIEJIUPOBAHUE ITIOBEPXHOCTEM HA OCHOBE
KBA3UKOH®OPMHOM 3AMEHBI TAPAMETPA

Aymesa H.H., I'ypun A.JI.

B pabome paccmampusaemcsa cnocod nocmpoenus nogepxnocmeil
HA OCHO6E U30MPONHBLIX KPUBLIX U KEA3ZUKOHPOPMHOU 3aMeHbl
napamempa. Paccuumanv xoIghpuyuenmol ocnoenvix KeaopamuuHwvix
¢dopm u Ookazamo, umo noeepxHocmu 0Oyoym MUHUMATLHBLIMU.
Ilpusedenvt npumepvl cMoOenUPOCAHHBIX NOBEPXHOCHIEIL.

Kntouesvie cnosa: uzomponnas  Kpueaa, MUHUMATbHAA
noeepxHocmo, KoIhuuyuenmovt OCHOGHBIX KBAOPAMUYUHBIX (HopM
noeepxuocmu.

MOJEJIIOBAHHA ITOBEPXOHBb HA OCHOBI
KBA3IKOH®OPMHOI 3AMIHU TAPAMETPA

AymeBa H. M., I'ypin A. JL.

Poboma euceimnaroc cnoci6 nodyooeu noeepxoHb HA OCHOGI
[30MpoOnHUX Kpueux ma KeaszikoHpopmuoi 3aminu napamempa.
Po3paxoeano Koegpiuiecnmu ocHo8HUX KeaopamuyHux dopm ma
006edeno, uwo nosepxui 0yoymov minimanvHumu. Haeedeno npuknaou
no8epxoHsv, uio 0yn0 nodyooeano.

Knwuosi cnoea: izomponna Kpuea, MIHIMAIbHA NOBEPXHA,
KoeghiyicHmu 0CHOGHUX K6AOPAMUYHUX (POPM NOBEPXHI.



