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GEOMETRIC MODELING OF THE CONDITIONS OF
NONINTERSECTION OF ELIPS

Komyak V., Sobol A., Danilin A.

The paper considers approaches to geometric modeling of
nonintersection conditions of two ellipses.

Keywords: ellipse, geometric modeling, conditions of
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Formulation of the problem. The tasks of packaging and cutting
(Cutting & Packing), in particular the tasks of optimal packaging of
ellipses, also called optimal placement, are the subject of the study of
computational geometry, and the methods of their solution are the direction
of the theory of operations research. This class of tasks has a wide range of
scientific and practical applications in powder metallurgy, the mining
industry for modeling the motion of bulk substances, the analysis of
structures of liquids and glass, the problems of logistics for the modeling of
optimal packages of cargoes having an elliptical cylinder, in the tasks of
evacuation of people from buildings during modeling the individual-current
movement of people whose projections are approximated by ellipses.

A wide range of scientific and practical applications, some of which
are described above, requires the development of effective algorithms
based on the application of methods for optimizing the placement of a large
number of ellipses. In connection with this, there is a need to develop
effective, in terms of complexity, approaches to geometric simulation of
non-crossing conditions of ellipses that allow continuous broadcasting,
rotation.

Analysis of recent research and publications. As an effective means
of geometric simulation of the non-crossing of a pair of ellipses, taking into
account allowable distances, functions are used in the class of phi-functions
proposed in the papers by Stoiana Yu.G [1,2]. In works [3.4], the
construction of non-crossing conditions of ellipses uses the approximation
of ellipses in the form of the union of base objects [3] or approximation by
the arcs of circles [4]. An overview of publications on this subject makes it
possible to conclude that only in [5] is a method for solving the problem of
packing true ellipse (without approximations) that involves rotation, using
the modern NLP solvers available in GAMS. This article gives a fairly
complete overview of the literature on the problems of packaging of
ellipses. In [5], a global solution for a small number of ellipses was
obtained, however, when N> 14, the authors failed to obtain an acceptable
solution. In this regard, the authors offer a heuristic polylithic algorithm for
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placing more ellipses (up to 100) in a rectangular area of fixed width and
variable length. The problem of optimal packing of ellipses, allowing for
continuous rotation, is considered in [6]. Quasi-phi-functions are used for
the analytical description of the main placement constraints [2]. The
approach outlined in [6] allows us to represent the problem of optimal
packing of ellipses taking into account allowable distances in the form of a
nonlinear programming problem and obtain locally optimal solutions for N
<120 (N is the number of objects of placement).

Therefore, there was a need to develop effective approaches to
geometric simulation of non-crossing conditions of ellipses, which would
allow solving practical problems of greater dimensionality.

Formulating the goals of the article. The purpose of the research is
to develop effective algorithms for simulating the conditions of interaction
between the ellipses (non-crossing, touch, crossing).

Main part. Consider the ellipses E;(ug ) and Ej(qu), which are

given in their own coordinate systems. Let the centers O;, Oj (poles)
ellipses E;(ug ), Ej(qu) are at points (Xg,Ye ), (xEj,ij), and the
ellipses are turned to the corners &g ,HEJ_ in accordance. Ellipse E;(ug )
and Ej(qu) given by large half-forces ac , ag, and small halves b, bEj

in accordance. Between the ellipses E; and E; restrictions may be set at
the minimum permissible distances r;, but between the ellipse E; and the
boundary of the area Q — restrictions on the minimum permissible distances
r.. It is necessary to carry out a geometric simulation of non-crossing

conditions of ellipses with the study of their properties for the development
of effective algorithms for their placement simulation.
By definition, phi-function for objects E;(ug) and E; (qu) [1]

called  continuous  continuous  function  defined  everywhere
@Fi (uEi,qu):R6 — R*, for which the following important property is
performed: if @~ (uEi,qu)ZO, then int E; (ug, )1 intE;(ug ) =4<.

Consider the method of geometric modeling of the cross-sections of
the touch surface of two oriented and non-oriented ellipses. The overall
structure of this method is as follows.

If the centers of the ellipses E;(ug ), Ej(qu) are at points (0,0),

(xEj,ij), ellipses are oriented, I.e. f¢ =const,f =const and r; =0,
then @ (U, ,qu) will be given in space R? and represent a section of

the surface of the touch of two non-oriented ellipses E;(Xg ,Ye 6 ) and
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E; (XEj Y, ’QEJ-)'

Consider construction of the cross sections of the surface of the
touch of two ellipses: orientated E;(0,0,0)0 and non-oriented
Ej(xEj,yEj ,HEJ_). For this placement options E,(0,0,0) are fixed, and the
other object remains mobile and performs broadcasting along the boundary
of the ellipse E;(0,0,0) so that O; e FrE;(ug,), ne FrE(ug ) - the border
E;(ug,) (Fig.1). The sample parameter job is executed n, angle of rotation
HEJ_ own coordinate system of a moving object. The value of the sampling

parameter determines the number of cross sections of the contact surface of
: : 2

the two  given  ellipses.  For  everyone Ok au =d.Z
) nd

d=0,..,ny —1,ny >0, there is a construction of the section of the surface

of the object touch Ej(xEj,yEj ,QEJ_) and E;(0,0,0), each section being a

closed loop.
In Fig. 1 shows an example of cross section construction y;, and

7ii2 Surface of the touch of non-oriented objects Ej(xEj,ij,QEj) and
E; (0,0,0) for the corresponding values of the angles of rotation HEJ_J =0

O . :% local coordinate system of a moving object E; (xEJ_ Ve, ,QEJ_)

and
and immovable E;(0,0,0). Similarly, the construction of other sections for
. : 2
the angles of rotation is carried out Ok 4 -d-Z, d=o0,.., ng —1 local
) nd

coordinate system of a moving object.
Finally, the formation of a plurality of cross sections is carried out

Viid+1o

XEj1

a) b)
Fig. 1. Construction of the sections of the surface of the object touch
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E; (XEJ- Y, "95]) ta E;(0,0,0)

d =0,...,ny —1, touch surfaces of two non-oriented ellipses. Yes, in Fig. 2
shows a plurality of cross sections of the object's surface E; (xEJ_ Ve, ,QEJ_)

and E;(0,0,0) near n, =8.

Yii2 Vii3

Fig. 2. Multiple cross sections yj; 4,4, d =0,...,ny —1 touch surfaces of

two unoriented ellipses for n, =8

This set of cross-sections is a geometric interpretation of the non-
crossing conditions of non-oriented ellipses whose rotation is discrete.

Consider the case when the angles change continuously.

The following statement was proved in [7].

Statement 1. If the convex objects (ellipses) do not intersect, then
there is such a straight line Lﬁ which passes through the center of the

coordinate system in such a way that projections of objects on this straight
line do not overlap.
Let the ellipses E; (UEi) and Ej(qu) have no common internal

points (Fig. 3).
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Fig. 3. Geometric illustration for building a phi-function @5

Let there be a straight line L;; (dividing straight line), which divides
the plane into two half-planes in such a way that objects E;(ug. ), E; (qu)

lie in different half-planes. Consequently, projections of sets E;(ug),

E j(qu) to any straight, perpendicular L;;, do not intersect (do not have

common internal points in R*). Let's denote through Lﬁ straight line which
is perpendicular L;; and passes through the center of the coordinate system,
T;; —the angle between the front L;; and the axis Ox.

Turning straight Lﬁ along with projections of ellipses E; and Ej
(with centers at points t; and t;; inaccordance) around the point O on the
corner (—T;; ),9et projections of ellipses Ei'j and E}i with centers in points
X and X;; .

Thus, as a result of geometric simulation, it is shown that the
condition of non-crossing of ellipses E;(Xg, Y. 6 ) and E; (xEj Ve, ,HEJ_)

equivalent condition: x; —x; >d;; +d;, and a quasi-phi-function @'5F

ji ji
can be written in the form:
1EE; ' '
O =x; —x;; —d; —dy;,

ij» 1 —the
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angle between the front Lﬁ , which is perpendicular to the dividing line L

and the axis Ox,
d; = b + (a7 =b)cos’ (B, ~T;) d; = [o? +(a? ~b?)cos> (G, ~T;)
Property 1. Point on the section of the surface of the object touch
Ej(xEj,ij ,HEj) and E;(0,0,0), which is obtained by translating the pole

ij?

of a moving object along the boundary of a fixed motion with a certain
value of the angle of rotation 9Ej,d, corresponds to two projections of

ellipses in line (according to statement 1), which touch when r;=0, and are
at a distance rj; in the presence of the distance between the ellipses.

Property 2. When changing the parameters (Xg,Ye .6k ) and

(xEj,yEj ,9Ej) ellipses E;(ug.), Ej(qu), changes as the arrangement of
pairs of segments on the axis Ox, and their size, moreover d;; e[bg ,a ], a
dj elbe .ag ].

Property 3. The set of points of the surface of the surface of the
touch of non-oriented objects Ej(xEj,ij ,HEJ_) and Ej(xEj,ij ,QEJ_),

which corresponds to a certain value of the angle of rotation HEj,d —is a
continuous subset MEj,d, corresponding to the statement 1, pairs of

segments on the axis OX.
Property 4. The set of points of the cross sections of the surface of
the touch of non-oriented objects Ej(xEj,ij ,HEJ_) and Ej(xEj,ij ,HEJ_),

: : 2
which corresponds to the angles of rotation 9Ejd+1:d-—”,

Ny
d=0,..,ng —1, The local coordinate system of a moving object is a
discrete set of subsets Mg 4,d =0,...,ny —1.

Property 5. A set of points of a surface of a touch of non-oriented
objects Ej(xEj,ij ,HEJ_) and Ej(xEj,ij ,¢9Ej) — This is an infinite set of

pairs of chords on the axis Ox.

Conclusions. Further research will focus on the development of
effective algorithms for geometric modeling of non-oriented ellipses in
given areas based on the proposed methods for constructing conditions for
their non-crossing.
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TEOMETPUYECKOE MOJIEJITMPOBAHUE YCJIOBUN
HEIIEPECEYEHUA JJIJIMIICOB

Komskx B.M., Co6ons A.H., Jlanunua A.H.

B cmamve paccmampusaromca cnocoovl 2eoMempuyecKozo
MOOenUpPosanus yciaoeuil HenepeceueHus 08yx IIIUNCOE.

Knioueevie cnosa: 3nnunc, 2eomempuueckoe mooenuposavue,
yC08us HenepeceueHus.

I'EOMETPUYHE MOJIEJIIOBAHHSA YMOB
HEIIEPETUHAHHSA EJIIICIB

Komsk B.M., Co6ons O.M., Janumua O.M.

Y  pooomi  pozenadaromvcsa cnocoou 260MEeMPUYHO20
MOO0eN0BAHHIA YMOB HEnepemuUHauHsa 080X elincie.

Knrwoueesvie cnosa: eninc, 2eomempuune Mmoo0eal06aHHA, YMOGU
HenepemuHanHs.



