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ANALYTICAL CONDITIONS FOR THE FORMATION OF
ISOTROPIC LINES FOR CONSTRUCTION OF MINIMAL
SURFACES

Pylypaka S., Mukvich M., Fedoryna T.

Analytical dependencies for finding parametric equations of spatial
isotropic lines are obtained. Analytical description of minimal surfaces in
complex space made of isotropic lines as lines of a translation net.

Key words: isotropic line, minimal surface, arc differential of a
curve, mean curvature of surface.

Formulation of the problem. The investigation of methods for
finding parametric equations of isotropic lines of zero length is due to the
problem of analytical description of minimal surfaces. The use of minimal
surfaces in the design of surfaces of technical forms and architectural
designs has the benefits of practical content. The tension at each point of
the minimum surface is a constant value. Shells that have the geometric
form of minimal surfaces, have an architectural expression, can overlap
complex plans without the formation of geometry ruptures with sources of
stress [1, p. 152]. Condition of equality of zero value of the average
curvature H The minimum surface at all its points is a necessary condition
for the minimum area of the compartment of the surface, limited by a plane
or spatial curve (contour) on this surface.

Setting the minimum surface function z = z(x; y), J. Lagrange one

of the first to conclude that the function z=z(x; y) must satisfy the

differential equation of the Euler-Lagrange [2, p. 683] in partial derivatives,
which in the general case is not integrable. One of the current trends in
analytical description of minimal surfaces is the finding of boundary
conditions for the construction of minimal surfaces inserted into an open
sphere [3]. Known are studies on geometric modeling of composite
materials that form a cellular structure [4]. The architecture of these
composite materials is based on periodic minimal surfaces, which allows
them to minimize the effects of stress concentration, provide resistance to
damage and reduce vibration [4].

The problem of simplifying the analytical description of minimal
surfaces and obtaining their parametric equations, starting with the work of
S. Lie, is realized with the help of methods of the theory of functions of a
complex variable [2, p. 685].

Analysis of recent research and publications. To find the analytic
description of the minimal surfaces using the functions of a complex
variable, it is necessary to find parametric equations of isotropic lines of
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zero length. Simulation of spatial isotropic curves with quaternions in space
R*, considered in the paper [5]. In the dissertation research [6] an
analytical description of isotropic curves according to formulas is found H.
Schwarz on the basis of the spatial curve lying on the cylinder surface and
on the basis of the slope curve. But the use of Schwarz's formulas for
finding parametric equations of isotropic lines is due to the integration of
complex expressions and is possible only in some cases. In the dissertation
study [6] and in article [7], separate cases of analytical description of
isotropic lines were considered on the basis of equations of a plane
imaginary curve of the form: x(t)= f,(t)+i- f,(t); y(t)=f,(t)-i-f,(t),
where f(t) i f,(t)- function of a real or complex variable. The work [8]

of the authors of this article is devoted to the problem of analytical
description of isotropic lines on the basis of a plane curve given by
functions of a natural parameter. In spite of the variety of known methods
for generating parametric equations of isotropic lines, simplifying their
analytical description remains an important problem in the simulation of a
continuous frame of minimal surfaces.

Formulating the goals of the article. To determine the analytical
relations of the formation of spatial isotropic lines from the condition of
equalization of zero of their arc differential. Using the functions of a
complex variable, we find the parametric equations of isotropic lines and
the corresponding minimal surfaces.

Main part. Let us consider the statement in which analytical
relations of the formation of spatial isotropic lines of zero length with the
help of functions of a complex variable are determined.

Assertion. Let the functions u=u(t); v=v(t) satisfying equality:
u(t)+v?(t)=1. Then the spatial curve given by the equations:

oegtop g % o

Is an isotropic line of zero length.
Proving Let's write the equation of the isotropic line in the formi:

x(t) = pt)-i- f(t) y®) =at)+i-fty z=z0), (2)
where p(t), q(t), f(t)— differentiated on some function interval, i-—

imaginary unit. Then the expression of the differential of the arc of the
isotropic line has the form:

2 2 2 2 2 2
3-(2(2) - w855
dt dt dt dt dt dt \dt dt dt dt

2 2 2 2 2 2
(5248 -2
dt dt dt dt dt\ dt dt dt dt
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The arc differential of the isotropic line is zero when the conditions
are fulfilled simultaneously:

2 2 2 2
({4 =25 2)x A2
dt dt de\ dt dt dt dt

From the last equations we express: ﬂ:— L Ta ﬁzﬁi
Zi(dq_dp) dt dt
dt dt
then we will get:
dx dp .df dp 1 _
——— =t
dt dt dt dt 2(olq_dpj
dt dt 3
dy_do df do 1 dr_ gl ©
dt dt dt dt 2(olq_olpj dt dt \/E(dq_dpj
dt dt dt dt

Integrating equation (3) and introducing a replacement u(t):%

v(t) = (;—? we obtain the parametric equation (1) of the isotropic line.

The statement is proven.

Example. We find parametric equations of an isotropic line by
formulas (1) for functions u(t) =sin(kt);v(t) = cos(kt), where k € R.

Then, using the formulas (1), we obtain the parametric equations of
the imaginary isotropic line:

1l 1 1+tg(k2tj
X(t):E —Arth) ——=%~2 | —cos(kt)|;

V2 V2
(4)
1| -1 1“9(@ i 1+tg(k2tj
y(t)=E ﬁArth — +sin(kt) |; z(t)=EArth — 7 |

We perform the functions of a complex variable (4) substitution:

t=u+1i-v. Separating the real and imaginary part, we obtain the equation
of the minimal surface:



125

cos(ku)ch(ku) N

X (u,v)=- ”
+ 4\/1§k [In((1+ m(u;v))’ + n(u;v))— In((l— m(u;v))* + n(u;v))}
Y (uv)= sin(ku)kch(kv) . 5)
+ 4\/1§k [In((l— m(u;v))’ + n(u;v))— In((1+ m(u;v))’ + n(u;v))}
Z(u,v)= i [arctg j(u;v)—arctgw(u;v)],
where:
! sinku v sh?(kv)
miu; v)= V2 (1+ cosku + ch kvj’ V)= 2(cosku +chkv)?’
. V2sh(kv) _
J(U’V)_(—2+\/§Xcosku+chkv)+\/§sinku’ )
W(u:v) = V2sh(kv)
"7 (2++/2)cosku + chkv) ++/2sinku’
and the attached minimal surface:
X" (u,v)= sm(kul)(sh(kv) + 2\/1§k (arctgw(u;v)—arctg j(u;v)),
Y (u,v)= cos(kuzsh( ) 2\/1§k (arctg j(u;v)—arctgw(u;v)), (7)
Z"(u,v)= i[ln((1+ m(u;v))* + n(u; v)) In((l— m(u;v))* + n(u;v))]
In the parametric equations (7) expressions

m(u; v),n(u; v), j(u; v),w(u; v) are determined from (6).

Fig. 1 (a, b) shows the minimal surfaces constructed by equations

(5), (7) with k =1; UE[—%;...%:I; vel-1..1].
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a) b)
Fig. 1. Bins of minimum surfaces:
a) minimal surface, constructed by equations (5) at k =1;

0) Attached min. surface constructed by equations (7) at k =1.

Conclusions. The analytic dependences of the formation of spatial
isotropic lines defined in this paper allow us to find the parametric
equations of the minimal surfaces. In particular, an analytical description of
isotropic lines can be found on the basis of plane curves given by
parametric equations of arc length s.
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AHAJIMTHUYECKHUE YCJIOBUA OBPA3OBAHUA
N30TPOIIHbIX IMHUH VI HOCTPOEHUS
MHUHUNUMAJIBHBIX ITIOBEPXHOCTEHU

[Tununaka C.®., Myksuu H.H., ®egopuna T.I1.

Ilonyuenvt ananumuueckue 3A6UCUMOCHMU 011 HAXOHCOCHUA
napamempuyeckux  ypaeHeHuil NPOCMPAHCMEEHHBIX U30OMIPONHBIX
AuHull. AHanumuueckoe OnuUcCAHUE MUHUMAIbHBIX NOBEPXHOCHEll
OCYUW{eCmeeH0 6 KOMNIEeKCHOM NPOCHMPAHCmEe ¢ U30MPONHbLIMU
JIUHUAMU 6 Kauecmee JTUHUIL Cemu nePeHoca.

Kntouesvie  cnosa:  uzomponnas  IuHUA,  MUHUMATbHAA
nosepxuocmo, oOuggepenyuan oOycu Kpueoil, CpeoHAA KPUBU3HA
no8epxXHoCHU.

AHAJIITUYHI YMOBHU YTBOPEHHS I30TPOITHUX JIHIA AJs1
INObYJAOBU MIHIMAJIbHUX ITOBEPXOHb

[Mununaka C.®., Myksuy M.M., ®enopuna T.I1.

Y pobomi eusnaueno ananimuuni 3anexcrnocmi ymeopeHH:A
npoOCmMoposux i30MpPoOnHUX JIIHII 3 00NOMO2010 (PYHKUIIL KOMNIAEKCHOT
3MIHHOI. 3HAU0eH0 napamempuyHi pPIGHAHHA I[30MPONHUX JUIHIU ma
MIHIMATBHUX NOBEPXOHb Y KOMNJIEKCHOMY HPOCMOPI 3 mMEIpHUMU
30mMponHUMU JIIHIAMU HEPEHOCY.

Knrouosi cnosa: i3omponna Jinia, MIHIMAIbHA NOBEPXHA,
ougpepenuian oyzu npocmoposoi Kpueoi, cepeonss KpusUHa NOBEPXHi.



