10

UDC 514.74

INTERPOLATION AND APPROXIMATION BY RATIONAL
CURVES OF BEZIER AND NURBS-CURVES

Badayev Yu.l., Dr. Sci.

Gannoshina I.M., Art. Teacher,

Lagodina L.P., Cand.Tech.Sci,

National Technical University of Ukrane "KPI name Igor Sikorsky"

Relevance. Rational Bezier curves and NURBS curves are widely
used in modeling curvilinear objects due to the great flexibility and
efficiency of the method. Therefore, it is relevant to develop an
interpolation method and approximation by these curves of a discrete
series of points both in the plane and in three-dimensional space.

Method. The work is devoted to the development of a new approach
to interpolation and approximations curve fitting, represented by a set of
discrete points. The analytical description of the desired curve is
implemented using a rational Bezier curve and a NURBS-curve. To solve
this problem, two approaches are proposed. The first approach is that the
weights of the points are set in advance and then the coordinates of the
points of the interpolating or approximating rational Bezier curve as well
as the NURBS-curve are calculated. The second approach is that the
coordinates of the points are set in advance and then the weights of the
control points of the Bezier curve as well as the NURBS-curve are
calculated. At the beginning of the process, are set not only coordinates,
but also parameters are set to a discrete row of points, that is, each point
has the following definition: T (X, y, u) on the plane or T (x, y, z, u) in the
three-dimensional space, where u - parameter. To solve the interpolation
problem, a system of linear equations is created in which each equation
reflects the equality between the analytical formula for a curve and a given
point. Moreover, the number of interpolated points cannot be more than the
order of the interpolating curve. Thus, we have a system of N linear
equations, where N is the number of points equal to the number of points of
the curve. Unknown are N control points of the desired curve. Moreover, in
the first approach, the unknowns are coordinates of control points, and in
the second weights of points.To solve the approximation problem, the Least
Squares method is used. In the beginning, a sum of squared functional of
the terms of the differences between the analytic formula of the curve and
the coordinate of the given point is created. The optimization problem of
minimizing this functional is solved. For this, a system of linear equations
Is created., each equation of which is a derivative of the functional with
respect to a given parameter and equated to zero. In the first approach, the
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desired parameters are the coordinates of points, and in the second weights
of points.
Results.Two methods of interpolation and approximation of a point
series by rational Bezier curves and NURBS-curves were developed.
Conclusions. The test cases carried out using computer programs
and visualization of results confirm the validity of the proposed methods.
Keywords: interpolation, approximation, rational Bezier curves,
NURBS-curves.

Formulation of the problem. To date, when constructing curves in
various automation systems, rational Bezier curves and NURBS curves are
often used. It is a very flexible tool that allows you to create smooth splines
of any order, shapes, and also easy to carry out local control over the curve.
The curve is represented in a parametric form and for controlling the shape
of the curve using control points and weight coefficients of nodes [1].
Rational nonuniform Bezier curves refer to NURBS and are based on
Bernstein's basic functions. The practical application of NURBS curves is
very diverse, for example: they are often used in computer graphics to draw
smooth curves that accurately describe the shape of the two-dimensional
objects depicted in drawings , for the task of the plane curve of building the
surfaces of rotation, as well as the simulation of the trajectories of motion
on surface and space in the course of time. The parametric representation of
the curve allows it to be used in multidimensional spaces. Interpolation and
approximation of these curves enables them to be used in modeling objects
with complex geometric shapes.

Analysis of recent publications. In work [1] on page 135 offers an
algorithm for interpolation with NURBS curves, which is based on the fact
that control points in the second stage are projected onto a curve and these
new points are taken as new control points. In practice, such an algorithm is
difficult to implement and achieves precise results. In the works [2] and
[3] It does not specify how to calculate the weight of control points, which
prevents the construction of an algorithm for interpolation.

The purpose of the article. The purpose of the article is to develop
real algorithms for interpolation and approximation with rational Bezier
curves and NURBS curves for a given point series

Main part. This article uses the subroutine NURBS, based on the
basic functions of the curves Beyier [1]. When forming Bezier curves,
Bernstein's basic functions are used:

B"(u)=C"u'(1—-u)"", (1)

n!
il(n—i)!
calculating combinations in combinatorics. The values of the basic function

where C'= a binomial coefficient, also called a formula for
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(1) are calculated for [1]:
i, BiN (u)

ru)=-

N

0
N 1
Za)i B (u) @)
i=0
where p;- the control points of the curve, @, - control point weight.

The NURBS- curve is determined by the formula:

Z PNy, (U)
r(u) == ,

ZWi Nj () @

where P, - the control points of the curve,
w, - control point weight;

N, (u) - normalized basic power functions degrees k.

Let given point series R; , j=1,2,3,... K. Acceptable for each point
specific parameters u;. We will have a point series R; (x;,y;,u; ). We will
interpolate the given point series of the curve (2). To do this we will create
an equation system:

K
D [r(uW)-R;1=0.j=1,2.. K. (5)
j=1

We substitute (2) in (5). We get it:

K-1
K Z pi@, BiN (uj)
2 =55 -R;]=0. (6)
= Y oB(u)
i=0
Let's turn (6). We get it:
K K-1 N K-1 N
22 pwB U)-R; > @B (u)]=0. (7)
j=1 i=0 i=0
As you can see, the number of interpolated points should not exceed
the number of control points of the curve. Analyzing (6), we can see that

the coordinates of the control points can be calculated for interpolation p;,
if we first assign the value of the weights @;. You can also calculate the
interpolation by calculating the weights @, if you assign the coordinates of

the control points first p;.
As an example, we take the rational Bezier curve of the 3rd degree
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Py (1_ U)3 +3 pla)l(l_ U)ZU

() = +3p,@,(1—u)u® + pya,u’ _
w,(1-U)® + 3w, (1-u)’u + 3w, (L -u)u® + o,u’

The number of interpolated points must not exceed 4.

Let's take the next 4-point series with coordinates X, y and with given

parameters u:
R (X, Y,,U,) = R (8.6802, 15.2284, 1.0),

R, =R,(13.8645, 21.5139, 2.0),
R, =R,(17.7323, 23.4201, 3.0), *)
R, =R,(21.6309, 20.6009, 1.0).
We substitute (8) into (7). We get a system of 4 linear equations
4
Z[( poa)o (1_uj)3 +3p1a)1(1_uj)2uj +3p2a)2(1_uj)uj2 + p3w3u?) - Rjo] = O, (9)

j=1
where

(8)

W, =@, (1-U;)’ +3w,(1-u;)’u; +3w,(1-u,) Ui+ o,
We set the weight of control points:
@, =1.0,0,=2.0,0,=3.0,0, =1.0.

Having solved the system (9) separately for x and y, we will have
po(xm yo) = po(O-O’ 0-0)’
p, = p,(10.0, 20.0),
p, = p,(20.0, 30.0), (**)
p; = P5(30.0, 0.0).

The results are obtained using the AutoLISP computer program in
the AutoCAD system environment. The test example is shown in Fig. 1.

Fig.1. Interpolation

Now, we will make an interpolation by calculating the weighting
points of control points. To do this, we rewrite the formula (9) as follows
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i[(po - Rj)a)O(l_uj)3 +3(p1_ Rj)a)l(l_uj)zuj +3(p2 - Rj)a)Z(l_uj)uJ? +
(10)
(U Rj)wsu?)] =0,

Unfortunately, system (10) has no solution, so all equations are zero.
In order for the system (10) to have a solution, we will accept it o, =1.0.
This is possible because if in equation (8) the numerator and denominator
are divided into @, o

— w, — w, — .
@, =1.0,0n =, 2 2
23 Wy 2]

Then (10) will be rewritten in the following form
4

[(po _Rj)(l_uj)3+3(pl_Rj)g)1(l_uj)2uj +
= (11)
+3(p, —R;)@2(1-u;)u’ +(p, —R,)wsu’)] = 0.

System (11) has 4 linear equations and 3 unknowns. This system
needs to be reduced to 3 equations. For this we subtract the second
equation from the first, third from the second, fourth from the third. In this
way we obtain a system of 3 equations with 3 unknowns. Also, for
calculation (11) a computer program was developed. To control we leave
the coordinates of the control points of the curve (**) as well as the
coordinates of the point series (*).

Calculation (11) gives the following weights:

o =2.0,0,=3.0,w:=10.
Given that @,=1.0we have the same weight points as in the

previous version.

Let us consider the possibility of approximation by Bezier's rational
curves. To do this, we will apply the known The least squares method.
Consider the functional:

S:ZK:[r(uj)—Rj] = min. (12)

In our case (12) will be rewritten in the form:
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poa)o(l_uj)3+3p1w1(1_uj)zu
o 24: [+3p2a)2(1—uj)uj2 + pyogu;’
- @,(1-u;)’ +3w,(1-u;)’u

=1

+3w,(1-u, )u* + wyu,’
-R,J* = min.
or
4 [(Poey(1—u;)* +3p,e (1—-u;)?u,
143 P, @, (1_uj)u? + p3w3u?)
—RW,]* = min, (13)
where
W, = @, (1-u;)* +3w,(1-u;)’u;
+3w,(1-u;) Ui+ ou’,
Decision (13) will be
ds & 2Py (L-u;)* +3pey (1-u;)°u,
dp, 543 P, @, (1_uj)u]? + p3a)3u?)
—Rjo]a)O(l—uj)S =0,
d_S_ 4 2[(p0a)0(1_uj)3+3pla)1(1_uj)2uj
dp, 543 pza)z(l_uj)ujg + p3a)3U?)
-RW,][3a,(1-u;)*u;]=0,
d_S_ 4 2[(p0a)0(1_uj)3+3p1a)1(1_uj)2uj
dp, =43 pza’z(l_uj)UJ? + psa)su?)
-RW,1[83e,(1-u;)u’ =0,
dS _ 3 _ 3 _ 2 _ 2 3y 3 _
a_ZZ[(pano(l u;)’ +3p@y (1-u;)?u; +3p,m, (LU, )uf + paayu’) —R W, Jo,u® =0,
3 j=l
After the differentiation we get a system of 4-line equations:
APy +a, P +8,P, +83P; =0,

bopo +b1p1+b2p2+b3p3 =0,
CoPo +C P, +C, P, +C5P; =0, (14)
dopo+d1p1+d2pz+d3p3 = -

where
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4 4 4
ao:; wg(l_uj)e’ COZZ 3a)oa)1(1—uj)4uf, QO:; Rjoa)o(l_uj)S’
= =i =
4 4 4
a1:ZI: 3w0a)1(1_uj)5ujl Cl=z 3a)1a)2(1—uj)3u?, Chzjz; Rjo[3w1(1_Uj)2Uj]a
]= j=1 =
4 4 4
azzzll 3500(02(1_111')4“,?1 CZ:Z 3a)22(1—uj)2uj‘, QZ:Z;, Rjo[sa)Z(l_uj)ujz!
1= j=1 j=
4 4 4
8 = 21: a)oa)3(1_uj)3u?1 C, = z 30)2(03(1—Uj)l,|?, O = JZ;, Rjoa)su?'
1= j=1 =
4 4
b :Z; 3o, (1-u)’uy dy = wymy1-u,)’u,
1= j=1
4 4
b, :,Z; 3w (1—-u;)"uf, d =Y oo,l-u)’u,
= j=1
4 4
b, = ,Z;‘ 3o, (1-u)’uf,  d, =3 wm,-u,)’u,
= =i
4 4
bazjz, 3(‘)1(03(1_“1')2“?’ d3=z a)32u16
- ~
As a result, we calculate the computer program result:
Po (0.0 0.0);
p1(9.8 19.8);
P> (19.99 31.5);
p3(30.0 0.0).

As we see, the results of approximation are not much different from
interpolation.
A test case is presented in Fig.2. You can also make approximation
using weights @, control points.
Let's rewrite the functional (13) as follows:
4
Z[(po - Rj)a)o(l_uj)3 +3(p, — Rj)a)l(l_uj)zuj +
j=1
‘ (15)
+3(p, —R))a,(1—u,)u? +(p; —R;)w,u’)]* = min,

After the differentiation where we geta @, =1.C,
;—;=j2411[(p0—R,-)wo(l—u,-)3+3(p1—Rj)w1(1—u,.)2uj +3(p, Ry, (LU )u? +(ps - R ),u?)] X
3(p,—R;)1-u;)’u; =0,

%Zé[(po—R,-)cuo(l—uj)3+3(p1—R,-)a)1(1—uj)2uj +3(p, = R; )@, (1-u,)u? +(py — R))ou?)] X

3(p2_Rj)(1_uj)u2j =0,
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s <
d_a)3:zl[(po_Rj)a)o(l_uj)S+3(p1_Rj)a)l(1_uj)2uj+3(p2_Rj)a)Z(l_uj)ujz+(p3_Rj)a)3u?)]X
=
(p;=R)U*; =0,

As a result of computer realization we get the following results
@, =10, =2.2,w, =3.2,w,=0.9; As you can see, the results are slightly

different from the previous ones, so the curve does not exactly pass through
the given points (see Fig. 3) The results obtained can also be applied to

NURBS curves, just instead of Bernstein's functions BiN (u) it is necessary
to take normalized basic functions N, (u).

A

/ 1

Fig. 2. Approximation Fig. 3. Approximation using weights
of control points

Results. Two methods of interpolation and approximation of a point
series by rational Bezier curves and NURBS-curves were developed.

Conclusions. The test cases carried out using computer programs
and visualization of results confirm the validity of the proposed methods.
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IHTEPIIOJIALIA I AITPOKCUMALIA PAHTIOHAJIBHUMHAX
KPUBUMMU BE3b€ I NURBS-KPUBUMM.

banaes 10.1., 'annommuna I. M., Jlaroaina JI.I1.

Payionanoni kpusi  besve i  NURBS-kpusi UWUPOKO
3ACMOCOBYIOMbCS 8 MOOENIOBAHHI KPUBOLIHILUHUX 00 €Kmis 3A605KU
genuKilu eHyukocmi 1 npayezoamuocmi memooda. Tomy axmyarvHum €
po3pobka memooy iHmepnoaayii 1 anpoxcumayii  yumu - KpueuMu
OUCKpEemHO020 psA0y MOYOK AK HA NJIOWUHI MAK 1 6 MpUBUMIDHOMY
npocmopi.

Poboma npucesuena po3pobyi noeoco nioxody 0o inmepnonsayii i
anpokcumayii - Kpueoi, NOOAHOI  MHOICUHOIO  OUCKPEMHUX  MOYOK.
Ananimuunuii onuc wiyKamoi Kpueoi peanizyemuvcCs i3 3aCMOCY8AHHAM
payionanvroi kpusoi besve i NURBS-xpusoi. /{na pose szanns yiei 3a0aui
NPONOHYEMBCS 08A NIOXOOU.

Hepwuii  nioxio 3axkno4aemvcs 6 momy, wo  3azoaneciov
3a0aromeca  8azu KOHMPONbHUX MOYOK [ 0ali po3paxo8yiomuvcs
KOOPOUHAMU KOHMPOIbHUX MOYOK [HMEPNooyoi abo anpokcumyrouor
payionanvroi kpueoi bezve a maxoxc NURBS-xpusoi. [pyeuti nioxio
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3AKIOYAEMbCA 8 MOMY, WO  3a30a1e2i0b 3a0aiomsvCs KOOPpOUHAmu
KOHMPOAbHUX MOYOK I 0ali po3paxo8yromsyCs 8a2u KOHMPOIbHUX MOYOK
kpusoi besve a maxooc NURBS-kpusoi.

Ha nouamky npoyecy ouckpemuomy psdy moyoK 3a0aiomvCsi He
MINbKU KOOPOUHAMU, ane Ut maxodic napamempu, moomo KOMCHA MOYKA
mae nacmynue eusnauenus. T(X,Y,U) na naowuni abo T(Xy,Z,u) &
mpueumMipHomy npocmopi, oe U — napamemp./[ns1 po3e’azauns 3a0aui
IHmepnoaayii cmeopreEmvbcs cucmema JHIUHUX PIBHAHb, 8 AKOMY KOJCHE
PiBHAHHA 8I000OpAdCAE PIBHICMb MIdC AHANIMUYHOIO GOpMYN0t0 Kpusoi i
3a0anol0  moukoro. Ilpu yvomy KinbKicme [HMEPNomOEMUX MOYOK He
Mooce Oymu Oinbuie NOpAOKY IHMepnonyoi kpueoi. Takum YuHom
maemo cucmemy i3 N ninitinux pisnsans, 0e N- Kinbkicmb mouox, axui
OOpIBHIOE KINbKOCMI KOHMPONbHUX MO40oK Kpueoi. Hesioomumu € N
KOHMPOJIbHUX MOYOK wyKkanoi Kpueoi. Ilpuwomy 6 nepuiomy nioxooi
UWYKAHUMU HEBIOOMUMU € KOOPOUHAMU KOHMPOJbHUX MOYOK, d 8 OPY2OMY
6azu  KOHMPOJIbHUX MOYOK./[na po36’3aHHA  3a0aui  anpoxkcumayii
3acmocosyemovca  Memoo  Hatimenwux — Keaopamie.Ha  nouamky
CMBOPIOEMBCS (DYHKYIOHANL CYMU KBAOPAMIE UNeHI8 PO30IHCHOCMeEl MidiC
AHANIMOYHOI  (POPpMYNIOI0  KPUBOi [ KOOPOUHAMOW 3A0AHOI MOUKU.
Po3zs’si3yembca onmumizayiiina 3adava minimizayii ybo02o0 ¢QyHKyioHana.
s yvoco cmeoproemovcs cucmema JNIHIUHUX DIBHAHb, KOXMCHE DIGHSHHSL
SAKOI € NOXIOHOW (DYHKYIOHANA NO 3A0aHOM)Y NAPAMEMpPY [ NPUPIGHEHOMY
00 Hyna. B nepwiomy nioxo0i wiykanumu napamempamu € KOOpOUHAmu
KOHMPOIbHUX MOYOK , d 8 OPY2OMY 8A2U KOHMPOJIbHUX MOYOK.

Pospobneni  no o0ea memooa inmepnonsayii i anpoxcumayii
MouKk06020 psdy payionanrbHumu kpusumu bezve i NURBS- kpusumu.

IIpogedeni mecmosi npukiaou 3a O0ONOMO20I0 KOMN TOMEPHUX
npocpam i eizyanizayii pe3yibmamis niomeepotcyioms 00CHOBIPHICHb
3anpPONOHOBAHUX MEeMOOI8.

Knwouosi cnosa: inmepnonayia, anpoxcumayis, payioHalbHi Kpusi
besve, NURBS-xpusi.

IHTEPIIOJIALIUA U AIIITPOKCUMALUA PAIITUOHAJIBHBIMH
KPUBBIMU BE3BE U NURBS-KPUBBIMM.

baoaees IO.U., I annowuna U. H., Jlacoouna J1.11.

Paboma noceswena paspabomke H08020 nooxooa K UHMEPNOIAYUU
U annpoxkcumayuu Kpueou, npeocmagieHHOU MHOMCECMBOM OUCKDEMHbIX
mouek. Ananumuyeckoe OnucaHue UCKOMOU KpPUBOU peanu3yemcs ¢
npumeHnenuem payuonanrvrou kpusou besve u NURBS-kpusoti.

s pewenus smoti 3a0auu npeonazaemcs 08a nooxooa. Ilepewiii
HOOX00 3aKI04aemcs 6 MOM, 4Ymo 3apamnee 3a0alomcs eca MoueK U
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oanvuie paccuumsl8aromes KOOPOUHAmMbl MOYeK UHMEPROIUpyouel Ui
annpoxcumupyroujeu payuonaivhou xpueot bezve a maxoce NURBS-
Kpueot. Bmopoii nooxoo 3akitouaemcs 6 mom, ymo 3apamee 3a0ar0mcs
KOOpOUHAmMbl MOYeK U Oanbuie paccHumvl8aiomcsi 8eca KOHMPOJIbHLIX
mouex kpugoii bezve a maxoce NURBS-kpugoii.

B nauane npoyecca ouckpemnomy psaody mouex 3a0aromcsi He moibKo
KOOpOUHAMbl, HO MAKMICe NApamempul, Mo eCmb KadCOds mouyKa umeem
cnedyrowee onpedenenue. T (x, vy, u) na niockocmu unu T (X, y, z, u) 8
mpexmepHoM npocmpancmee, 20e u - napamemp. /[ns pewienus 3a0ayqu
UHMEPNOAAYUU CO30Aemcs CUCMeMa JUHEUHbIX YPAGHEHUU, 8 KOMOpPOM
Kax)cooe ypasHeHue ompaxcaem paeeHCcmeo MeHcoy aHATUMUYecKOol
Gdopmyne «kpueoti u 3adanuou mouxou. Ilpu smom Koauuecmeo
UHMEPNOAUPYEeMbIX — MOoYeK He Modcem Obimb  Oolbuie  NOpsAOKa
unmepnoaupyoweu kpueoi. Taxum obpazom umeem cucmemy N TuHeuHbIX
ypaeHeHuti, 20e N- Konuuecmeo moueK, pasHvlil KOIUYeCmsy moyeK
Kkpueoti. Heuzeecmuvimu saensiomcsi N KOHMPOJIbHLIX MOYEK UCKOMOLL
kpueoti. Ilpuuem 6 nepeom nooxooe UCKOMbIMU HEeU38eCMHbIMU AGJIIOMCS
KOOPOUHAMbL KOHMPOJbHBIX MOYEK, d 80 8MOPOM 8eCd MOYEK.

s pewenus  3a0auu annpokcumayuu npumensemcs Memoo
Haumenvwux Keaopamoe. B nauane coszdaemcsi QyHKyuouman cymmvl
K8aopamoe YieHo8 pazHOCmell Mexcoy aHAIUmoyecKkou opmynot Kpusou
U KOOpOuHamou 3a0anHou mouxku. Pewaemcsa onmumusayuonnas 3aoaua
MUHUMU3AYUY dMO020 (QYHKYUoHana. [[ns smo2o cozoaemcsi cucmemd
JIUHELUHbIX — YPABHEHUll,  Kaxcooe  YpaeHeHue  KOMOpOU  SA611emcs
NPOU3B0OHOU (DYHKYUOHANA NO 3A0AHHOMY NApaMempy U NPUPAGHEHHbIX K
Hymo. B nepsom nooxode UCKOMbIMU NApamMempamu  sGJAI0mcs
KOOpPOUHAMbl MOYeK, d 80 MOPOM 8eCa MOYEK.

Paspabomanvr no 0sa memooa uwmepnonayuu u annpoxcuMayuu
MmoueyHo2o psoa payuoHaivHvimu kpuevimu bezve u NURBS- kpusvimu.

IIpogedennvie mecmogvle npumepvl ¢ NOMOUBIO KOMNBIOMEPHBIX
npozpamm u gusyanuzayuu  pe3yabmamos noomeepicoaom
00CMOBEPHOCHIb NPEOIONHCEHHBIX MEMOOO08.

Knrouesvle cnosa: unmepnonsyus, annpoxcumayusi, payuoHalbHble
kpusvle bezve, NURBS-xpusvie.



