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In the foreign press you can find numerous articles whose authors attempt
to answer the question: ‘How did M. C. Escher create such famous prints as
‘Horsemen’, ‘Day and Night’, ‘Sky and Water’ or ‘Reptiles’? It is noteworthy
that all their attempts boiled down to the fact that they placed rhombuses,
squares, regular triangles or regular hexagons on the print, cut out a repetitive
fragment from it with their help and completely filled the plane with it.

In our opinion, the method of regularly dividing a plane, consisting in the
fact that a repetitive pattern fits into some regular polygon, not only does not
lead to an explanation of how M. C. Escher worked, but also leads away from it
in the opposite direction. Therefore, before looking in the prints of M. C. Escher
for fragments that fit into rhombuses, squares, regular triangles, and so on, it is
necessary to understand how M. C. Escher created figures that, with the help of
its translations, rotations or mirror reflections cover the plane without overlaps
and gaps.

Thus, our purpose is to classify ornaments according to crystallographic
symmetry groups on the plane, discovered by the Russian scientist E. S.
Fedorov, and to connect the symmetry groups of ornaments with the groups of
plane’s motions that describe the construction of their repetitive figures.

A rule has been proposed for constructing figured tiles that stylize images
of plants and animals and fills the plane without overlaps and gaps during
translations and rotations of its repetitions, in particular a figured tile that
generalizes the zoomorphic form in M. C. Escher’s lithograph ‘Reptiles’. The
construction of a figured tile that generalizes the zoomorphic form in
M. C. Escher’s lithograph ‘Reptiles’ is considered. The proposed rule was
applied to compose an ornament stylizing M. C. Escher’s lithograph ‘Reptiles’.
It is shown that this ornament has set of axes of 3rd order symmetry and six
translation axes. A connection has been revealed between the symmetry group of
the ornament and the motions of the plane leading to the formation of its figured
tiles. It is assumed that our next work will be devoted to the application of one of
the E. S. Fedorov’s crystallographic symmetry groups to the construction of a
figured tile that stylizes a zoomorphic form in one of the graphic works of
M. C. Escher.
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plants, stylization of M. C. Escher’s prints.

Formulation of the problem. The problem of covering a plane with
figures of the same shape without overlaps and gaps came to us from ancient
times. She is at least 5 thousand years old. Ornaments consisting of stylized
figures of animals and plants that completely fill the plane were widespread in
the decorative art of the Ancient East, in particular in the art of Ancient Egypt
and Persia. However, they did not become the subject of study by either ancient
Egyptian or Persian mathematicians. European scientists paid attention to them
after an exhibition of graphics by the outstanding Dutch artist Maurits Cornelis
Escher (1898-1972) was held in Rotterdam in 1949, where viewers saw for the
first time how the figures of birds, fish, reptiles and other animals fit into each
other without any overlaps and gaps. He was inspired to create them by his
knowledge in 1936 of the stucco ornaments and tiles of the Alhambra, the palace
of the Muslim rulers of Spain from the Nasrid dynasty (1230-1492), towering
over the eastern outskirts of Granada, the former capital of the Emirate of
Granada [1]. By the way, we believe that the Arabs were the same discoverers of
the ‘Moorish style’ as they were the discoverers of the ‘Arabic numerals’. In our
opinion, the interior chambers of the Alhambra were decorated by Persian
craftsmen brought by the Arabs to Spain. The Russian writer V. P. Botkin, who
visited the Alhambra in 1845, writes about this impression in his travel notes
‘Letters about Spain’: ‘The walls of the hall are covered with painted
arabesques... At first glance, it seems as though the ceiling and walls are covered
with Persian carpets or embroidered canvas wallpaper with the smallest
patterns’.

Analysis of recent research and publications. After the work of
M. C. Escher entered scientific use, not a single monograph devoted to
symmetry in nature, in particular in crystals, was published without illustrations
reproducing his prints [2-13]. Scientists have discovered that in the mosaics of
M. C. Escher, formed by repetitions of the same figure, all 17 symmetry groups
on a plane are found, strictly mathematically derived by the outstanding Russian
crystallographer E. S. Fedorov and published by him in 1891 in the monograph
‘Symmetry on plane’. Additionally, a passion for the work of M. C. Escher led
the outstanding English mathematician Roger Penrose to the discovery in 1974
of three types of non-periodic, that is, non-translationally symmetrical tiling of
the plane with irregular polygons, called ‘Penrose tiles’ in his honor. Finally,
numerous articles began to appear in the foreign press, the authors of which
attempted to answer the question: ‘How did M. C. Escher create such famous
prints as ‘Horsemen’, ‘Day and Night’, ‘Sky and Water’ or ‘Reptiles’? It is
noteworthy that all their attempts boiled down to the fact that they placed
rhombuses, squares, regular triangles or regular hexagons on the print, cut out a
repetitive fragment from it with their help and completely filled the plane with it
[2-8]. Moreover, one of the authors even stated that he was able to generalize
the way in which M. C. Escher created his prints [8].
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In our opinion, the method of regularly dividing a plane, consisting in the
fact that a repetitive pattern fits into some regular polygon, not only does not
lead to an explanation of how M. C. Escher worked, but also leads away from it
in the opposite direction. Firstly, when M. C. Escher gave explanations to his
prints to visitors to the famous exhibition in 1949, he admitted that in order to
select the shape of a figure, for example a reptiles, he sculpted it from plasticine,
moved it along the plane of a sheet of paper and from time to time corrected its
shape [1]. Consequently, the creation of a figure that completely fills the plane is
the initial stage of the work, and the construction of an ornament with its help is
the final stage of the work. Secondly, the method of regularly division of the
plane proposed by foreign authors does not answer the main question: ‘How to
draw an image contained in a regular polygon and covering the plane without
overlaps and gaps by translations of its repetitions’? Thirdly, the method of
regularly division of a plane ‘discovered’ by foreign authors has long been
known, and in decorative painting of fabrics there is a regular polygon into
which the design fits in such a way that its part adjacent to one side of the
polygon is a continuation of its part adjacent to the opposite side of the same
polygon is called rapport [14].

Therefore, before looking in the prints of M. C. Escher for fragments that
fit into rhombuses, squares, regular triangles, and so on, it is necessary to
understand how M. C. Escher created figures that, with the help of its
translations, rotations or mirror reflections cover the plane without overlaps and
gaps. Unfortunately, at present we do not even see attempts to unravel the
mystery of the construction of repetitive figures in the prints of M. C. Escher.
Meanwhile, if we knew what transformations needed to be performed in order to
construct a figure that completely covers the plane, then it would be possible to
establish a connection between the group of transformations related to the figure
with the group of transformations related to the ornament obtained by
translations, rotations and mirror reflections of it repetitions. Therefore, the
definition of groups of plane movements related to the repetitive figures of
ornaments created by M. C. Escher and their classification is an actual challenge
in the theory of ornament.

Formulating the purposes of the article. Thus, our purpose is to classify
ornaments according to crystallographic symmetry groups on the plane,
discovered by the Russian scientist E. S. Fedorov, and to connect the symmetry
groups of ornaments with the groups of plane’s motions that describe the
construction of their repetitive figures.

Main part. Let us consider the construction of a figure that stylizes a
zoomorphic form in M. C. Escher’s lithograph ‘Reptiles’ and fills the plane
without overlaps and gaps with translations and rotations of its repetitions [15-
17].

Let the reader not be confused by the fact that in the lithograph ‘Reptiles’
regular hexagons are inscribed in zoomorphic forms. Apparently, M. C. Escher
wanted to create the impression that if a regular hexagon contains a pattern
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applied according to certain rules, then by moving it along the plane of the
paper, one can create an ornament, parts of which are periodically repeated in
one or more directions. Of course, regular hexagons with a zoomorphic shape
inscribed in them really fill the plane without overlaps and gaps and form the
ornament presented in the lithograph ‘Reptiles’. However, the problem is that
the regular hexagons were applied to the ornament by M. C. Escher after the
ornament was created. Consequently, in order to build rapport in the form of a
regular hexagon with a zoomorphic form inscribed in it, it was necessary to first
create a zoomorphic form, and then only inscribe it into the regular hexagon.

How to obtain the zoomorphic form that is contained in the regular
hexagons that form the ornament represented in M. C. Escher’s lithograph
‘Reptiles’? We have found a surprisingly simple rule for constructing a figure
that stylizes the zoomorphic form in M. C. Escher’s lithograph ‘Reptiles’ and
fills the plane without overlaps and gaps with translations and rotations of its
repetitions. However, due to the limited space of the article, we cannot describe
itin it.

Let us apply the rule we have found to the composition of an ornament
stylizing M. C. Escher’s lithograph ‘Reptiles’ and show it in Fig. 1, a its first
variant.

It is remarkable that the ornament shown in Fig. 1, a, is a figure that fits
into a regular hexagon. Therefore, it can be considered as the result of tiling the
plane with groups of zoomorphic forms, carried out by translations in six
directions, defined by perpendiculars to the sides of a regular hexagon.

Let’s consider the types of symmetry that parquet, built on the basis of a
group of zoomorphic forms according to the first variant, has.

It is obvious that the ornament shown in Fig. 1, a does not have a single
plane of symmetry, that is, it does not have a single reflection symmetry group.
At the same time, it has rotational symmetry with 3rd order symmetry axes. This
means that the ornament we are considering can be superposed with itself by
rotating it around the axis of symmetry at an angle of 120°. Additionally, the
ornament shown in Fig. 1, a, has translation symmetry with six translation axes
defined by perpendiculars to the sides of a regular hexagon. Consequently, it can
be superposed with itself using translation in one of the six directions defined by
the translation axes.

Let’s present the ornament shown in Fig. 1, a, as a result of tiling the
plane with groups of zoomorphic forms, carried out by translations in three
directions, defined by perpendiculars to the sides of a regular triangle. Let's
show in Fig. 1, b is the second version of the ornament, stylizing M. C. Escher’s
lithograph ‘Reptiles’ and representing a figure that fits into a regular triangle.

Let’s consider the types of symmetry that parquet, built on the basis of a
group of zoomorphic forms according to the second variant, has.

It is obvious that the ornament shown in Fig. 1, b does not have a single
plane of symmetry, that is, it does not have a single reflection symmetry group.
At the same time, it has rotational symmetry with 3rd order symmetry axes. This
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means that the ornament we are considering can be superposed with itself by
rotating it around the axis of symmetry at an angle of 120°. Additionally, the
ornament shown in Fig. 1, b, has translation symmetry with three translation
axes defined by perpendiculars to the sides of a regular triangle. Consequently, it
can be superposed with itself using translation in one of the three directions
defined by the translation axes.

Let us now present the ornament shown in Fig. 1, a, as a result of tiling
the plane with groups of zoomorphic forms, carried out by translations in four
directions, defined by perpendiculars to the sides of the rhombus. Let’s show in
Fig. 1, c the third variant of the ornament, stylizing the lithograph ‘Reptiles’ and
representing a figure that fits into a rhombus.

a b c

Fig. 1. Ornament, stylizing of M. C. Escher’s lithograph ‘Reptiles’

Let’s consider the types of symmetry that parquet, built on the basis of a
group of zoomorphic forms according to the third variant, has.

It is obvious that the ornament shown in Fig. 1, ¢ does not have a single
plane of symmetry, that is, it does not have a single reflection symmetry group.
At the same time, it does not have a single axis of symmetry, that is, it does not
have a single rotation symmetry group. This means that the ornament we are
considering can be superposed with itself by rotating around the axis of
symmetry only by an angle of 360°. At the same time, the ornament shown in
Fig. 1, c, has translation symmetry with four translation axes defined by
perpendiculars to the sides of the rhombus. Consequently, it can be superposed
with itself with translation in one of the four directions defined by the translation
axes.

It is remarkable that, depending on the method of laying the same figured
tile, we get three types of parquet, which differ from each other in that, firstly,
they fit into different regular polygons, namely: regular hexagon, regular
triangle and rhombus, - and, secondly, they are described by different symmetry
groups.
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Shown in Fig. 1, a, the ornament clearly proves that the rule we found for
constructing figured tiles in the image of a group of zoomorphic forms can be
considered a law to which all ornaments that satisfy the following conditions are
subjects:

- zoomorphic shapes form a group having an axis of symmetry of the 3rd
order;

- the centers of rotation of groups of zoomorphic forms are located at the
vertices of regular hexagons inscribed in circles, the diameters of which form an
arithmetic progression with a difference equal to three times the diameter of the
original circle;

- groups of zoomorphic shapes can be combined with each other if
translations are carried out in directions defined by straight lines passing through
the vertices of regular hexagons, over distances equal to three times the radius of
the original circle.

Let us pay attention to the connection that exists between the ornament
stylizing M. C. Escher’s lithograph ‘Reptiles’ and his figured tiles. The
connection is that both the symmetry of the ornament and its figured tiles are
described by groups of rotation of the 3rd order and groups of translations of the
axes of rotation. It follows that if any figure corresponds to any group of plane
transformations, then the same group of plane transformations will correspond
to an ornament obtained by the same figure transformations on the plane.
Indeed, a zoomorphic shape is formed by rotations around axes of the 3rd order,
and the axes of rotation are subject to translations, transferring them from the
center of a regular hexagon to one of its vertices. Meanwhile, the ornament is
formed by rotations of groups of zoomorphic forms around axes of the 3rd
order, and the axes of rotation are subject to translations, transferring them from
one vertex of a regular hexagon to the vertex of another regular hexagon. In our
opinion, this proves that there is an indissoluble connection between the
symmetry group of the ornament and the movements of the plane leading to the
formation of its figured tiles.

Conclusions. Thus, the article proposes a rule for constructing a figured
tile that stylizes images of plants and animals and fills the plane without
overlaps and gaps during translations and rotations of its repetitions, in
particular a figured tile that generalizes the zoomorphic form in M. C. Escher’s
lithograph ‘Reptiles’. The proposed rule was applied to compose an ornament
stylizing M. C. Escher’s lithograph ‘Reptiles’. It is shown that this ornament has
set of axes of 3rd order symmetry and six translation axes. A connection has
been revealed between the symmetry group of the ornament and the motions of
the plane leading to the formation of its figured tiles. It is assumed that our next
work will be devoted to the application of one of the E. S. Fedorov’s
crystallographic symmetry groups to the construction of a figured tile that
stylizes a zoomorphic form in one of the graphic works of M. C. Escher.
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PYXHU IJIOIIIUHH, IO OITUCYIOTHh NOBYJYBAHHS ®IT'YPHOI
IVINTKA OPHAMEHTY HA JIITOI'PA®II M. K. EHIEPA «SIIIIPKHW»,
TA UOI'O I'PYIIA CUMETPII

Himwmu O.10.

YV 3apybisxcuiilt npeci ModxCHa 3HAUMU YUCAEHHI cmammi, aémopu SKUX
pobsims cnpodbu gionosicmu na 3anumanns: « Ak M. K. Ewep cmeoprosas maxi
3Hamenumi 2pasopu, sAK «Bepwmuxkuy, «/lenwv i Hiuy, «Hebo ma eooa» uu
«Awipxu»?» Ipumimno, wo 6ci ixui cnpobu 3600ambcsi 00 Mo2o, WO HA
2pasopy BOHU HAKIAOAOMb pomMOU, Keaopamu, NpasuibHi MPUKYMHUKU a0O
NPABUNbHI  UWeCMUKYMHUKY, SUPI3YIOMb 3 IX 00nomo2olo ¢pazmenm, wo
HOBMOPIOEMBCS, | 3AN0BHIOIOMb iM 8CIO NIOWUHY.

Ha nawy oymky, cnocib pecynaprnoco po3oumms niowunu, wjo noasieac 8
MoMy, WO MAauOHOK, WO HNOBMOPIOEMbCS, BNUCYEMbCA 8 AKUL-He0)Ob
NpasuIbHULL 0a2amoKymHuK, He MilbKu He NPU3800Ums 00 NOSACHEHHS MO20, AK
npayrosas M. K. Ewep, a ii 8i08600umv 6i0 Hbo20 6 npomuiedcuutl 0ik. Tomy
neput nisc wykamu 6 epaswopax M. K. Ewepa ¢pacmenmu, axi enucyromvcs 6
pombu, Keaopamu, nPasuIbHi MPUKYMHUKU [ MAK 0ali, He0OXiOHO 3pO3yMimu,
sakum yunom M. K. Ewep cmeopiosas nocmami, fKI 3a O00ONOMO2010 il
napaneibHux nepeHocis, 0bepmanb 4u 03epKAIbHUX 6IOOUMKIE NOKPUBAIOMb
nIOWUHY Oe3 HaKIA0eHb ma nepenyCcmox.

Takum u4uHoM, Hawia mema noJA2AE 8 MOMY, WoO KiacugiKysamu
OPHAMEHMU NO KPUCAN0ZPADIYHUM 2PYRAM CUMEMPIi Ha NIOWUHI, 8IOKPUMUM
pociticokum yuenum €. C. Dedoposum, i 38'a3amu epynu cumempii OpHAMEHMIE
3 epynamu pyxié NIOWUHU, WO ORUCYIOMb nobyoogy ix ¢icyp, wo
HOBMOPIOIOMbCAL.

3anpononosano npasuno no6yo0osu @icypHoi NAUMKU, WO CHUTLIZVE
300pasicents poCIuH i MEapuH ma 3AaNO6HIOE NAOWUHY 0e3 HAaKladeHb ma
nepenycmox npu napaieibHux NnepeHocax ma 00epmaHHAX ii NoGmopeHb.
Posenanymo nobyoosy ¢hieypnoi naumku, wo y3azanbHioe 300Mop@Hy hopmy Ha
nimoepaghii M. K. Ewepa «Hwipkuy. 3anpononosamne npasunio 06y10
3acmoco8ano OJisl CKAAOAHHA OpHaMeHmy, wjo cmunizye aimoepagito M. K.
Ewepa «Awipxuy. Iloxazano, wo yeti oppamenm mae 6e3niu oceu cumempii 3-
20 nopaoKy ma wicme oceu nepeHecenHs. Illpunyweno, wo npeomemom
nOOANbWUX O0CTIONCeHb Oy0e 000amoK OOHIEL 13 KpucmanoepagivHux epyn
cumempii €. C. Dedoposa 00 nobyoosu ¢hicypHoi naumku, wo Cmuizye
300MopHy hopmy Ha 00Hil i3 epagiunux pooim M. K. Fuepa.

Knrouoei crnosa: samowenns niowunu, gicypri naumxu y ¢opmi meapun i
pocaun, cmunizayis epaswop M. K. Ewepa.
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